
Large-eddy simulations of turbulent flows in arrays
of helical- and straight-bladed vertical-axis wind
turbines

Cite as: J. Renewable Sustainable Energy 15, 063309 (2023); doi: 10.1063/5.0172007
Submitted: 12 August 2023 . Accepted: 21 November 2023 .
Published Online: 13 December 2023

Masoumeh Gharaati,1 Nathaniel J. Wei,2 John O. Dabiri,2,3 Luis A. Martínez-Tossas,4 and Di Yang1,a)

AFFILIATIONS
1Department of Mechanical Engineering, University of Houston, Houston, Texas 77204, USA
2Graduate Aeronautical Laboratories, California Institute of Technology, Pasadena, California 91125, USA
3Department of Mechanical and Civil Engineering, California Institute of Technology, Pasadena, California 91125, USA
4National Renewable Energy Laboratory, Golden, Colorado 80401, USA

a)Author to whom correspondence should be addressed: diyang@uh.edu

ABSTRACT

Effects of helical-shaped blades on the flow characteristics and power production of finite-length wind farms composed of vertical-axis wind
turbines (VAWTs) are studied numerically using large-eddy simulation (LES). Two helical-bladed VAWTs (with opposite blade twist angles)
are studied against one straight-bladed VAWT in different array configurations with coarse, intermediate, and tight spacings. Statistical anal-
ysis of the LES data shows that the helical-bladed VAWTs can improve the mean power production in the fully developed region of the array
by about 4:94%–7:33% compared with the corresponding straight-bladed VAWT cases. The helical-bladed VAWTs also cover the azimuth
angle more smoothly during the rotation, resulting in about 47:6%–60:1% reduction in the temporal fluctuation of the VAWT power output.
Using the helical-bladed VAWTs also reduces the fatigue load on the structure by significantly reducing the spanwise bending moment (rela-
tive to the bottom base), which may improve the longevity of the VAWT system to reduce the long-term maintenance cost.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0172007

I. INTRODUCTION

In recent years, wind energy has gained considerable growth in
market share to help meet the continuously growing energy consump-
tion.1,2 Two main types of devices are used to harvest wind energy,
namely, the horizontal-axis wind turbine (HAWT) and the vertical-
axis wind turbine (VAWT), which are categorized primarily based on
the orientation of the turbine rotor axis.3,4 Commercially, large-size
HAWTs (i.e., exceeding 100m in rotor diameter) have been widely
used in existing and planned onshore and offshore wind farms due to
their high rated power output and efficiency.4,5 Although VAWTs are
less utilized than HAWTs at the current stage, they have gained grow-
ing interest in recent years. Compared with HAWTs, VAWTs are
much less sensitive to wind direction and do not require yaw control.6

VAWTs may achieve potentially faster wake recovery.7 VAWTs usu-
ally operate at lower tip-speed ratios (TSRs) than HAWTs,8,9 which
may lead to less acoustic pollution. VAWTs also tend to have smaller
footprints than HAWTs and, thus, may be more feasible if land area is
limited. All the above-mentioned features make VAWTs potentially
suitable to serve as valuable complements to HAWTs (e.g., to be

deployed at places where large HAWTs are not feasible) to help meet
the increasing demand for clean and renewable energy.

Unlike HAWTs that have highly converged fundamental design
of the rotor,3,4 currently there exist various designs for VAWTs, which
are differed primarily by the blade geometries.8,10 Among different
VAWT types, the straight-bladed Darrieus-type VAWTs (hereinafter
referred to as the straight-bladed VAWTs) have gained popularity due
to the simplicity for designing and manufacturing and, thus, have been
also studied more in research.9,11–19 The helical-bladed VAWTs, which
can be regarded as a variant version of the straight-bladed VAWTs
with twisted blades, have also drawn increasing attention in recent
years.19–24 Recent experimental19 and numerical24 studies have shown
that changing the blade geometry from straight to helical can induce
additional mean vertical motion in the VAWT wake flow, which can
cause noticeable impact to the turbulence statistics and kinetic energy
entrainment that affect the wake speed recovery. However, these effects
induced by the helical blades were studied based on the wake charac-
terization of a single VAWT. For practical applications (such as com-
mercial wind farms), a number of VAWTs are typically installed
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closely in an array for wind energy harvesting. Therefore, it is desired
to further investigate the potential effects of helical-bladed VAWTs in
wind farm environments.

To date, previous studies on wind farm flows have focused
heavily on HAWT-based farms25–34 due to the commercial popularity
and success of HAWTs. In contrast, there are only a limited number
studies for VAWT-based farms.7,14,17,35–37 Moreover, previous numer-
ical studies on VAWT array flows17,37 considered arrays of “infinite”
streamwise length by using periodic condition on the streamwise
boundaries. Despite the valuable insights gained from these idealized
infinite-length VAWT farm studies for understanding the fundamen-
tal flow characteristics, they cannot capture the streamwise develop-
ment of the flow through the finite-size array. On the other hand, field
experiments of finite-size VAWT arrays can characterize flow phe-
nomena based on realistic conditions but face challenges for measuring
the array-scale flow field information. While measurement techniques
such as three-dimensional (3D) particle-tracking velocimetry
(PTV)18,19 can obtain detailed flow field information within a limited
measurement window, it is challenging to extend the measurement to
the array scale. To obtain field data at array scale, Kinzel et al.7 used a
measurement system with seven three-component ultrasonic ane-
mometers (Campbell Scientific CSAT3) mounted on a 10m meteoro-
logical tower (Aluma-Towers Inc.) to measure the flow velocity at 11
different positions along the center of a VAWT array. Based on these
measurement data, the two-dimensional (2D) contours of the mean
velocity, kinetic energy flux, and turbulent intensity were mapped.
However, due to the high cost of building multiple sensor towers, the
measurements at the 11 positions were not conducted simultaneously,7

requiring careful calibration and coordination of the measurements
and making it challenging to further improve the spatial resolution of
the mapped contours.

Aiming at obtaining the full-field flow information of the entire
VAWT array, in this study the large-eddy simulation (LES) model in
Gharaati et al.24 is further extended to simulate the interactions
between boundary-layer turbulence and large VAWT arrays. Similar
to Gharaati et al.,24 three VAWTs with identical key parameters but
different blade geometries are considered: one with straight blades
and the other two with helical blades twisted in opposite directions.
The three VAWTs are configured based on the commercial three-
blade helical VAWT used in the experiments of Wei et al.,19 which
has a rotor equator height of 8:2m, a rotor diameter of 1:8m, a blade
vertical length of 3:2m, and a blade twist rate of 39:69�=m. For the
VAWT array configuration, three different streamwise/spanwise
spacings are considered, covering coarse (56 VAWTs), intermediate
(176 VAWTs), and tight (208 VAWTs) layouts. In each case, individ-
ual VAWTs in the array rotate independently based on the local
inflow condition at a fixed TSR of 1.19 (determined based on the field
measurement19) and are modeled using the actuator line method
(ALM) that has been widely used in prior LES modeling of VAWTs
and HAWTs.9,38–49 The VAWT arrays have finite streamwise length.
The inflow of the VAWT array is obtained from a precursor LES
model of fully developed boundary layer turbulence, which is coupled
with the LES model of the VAWT array flows through a concurrent
precursor simulation method.29,31 In total, nine computationally
expensive LES cases are performed to obtained the full 3D flow data
of the VAWT arrays. Based on the LES data, systematic statistical
analyses are performed to characterize the effects of VAWT helical

geometry on the turbulent flow statistics, VAWT power rate, and
VAWT tower bending moment.

The remainder of this paper is organized as follows. In Sec. II,
the LES-ALM model for simulating the wind farms is elaborated.
Section III explains the setup of the LES cases. In Sec. IV, the effects
of VAWT blade geometry on the flow characteristics in the turbine
array are analyzed based on the LES data. Finally, conclusions are
presented in Sec. V.

II. DESCRIPTION OF LARGE-EDDY SIMULATION MODEL

In the present study, the open-source LES model of turbulent
flows developed by the Turbulence Research Group at Johns Hopkins
University, i.e., the LESGO model,50 is adopted and modified to simu-
late the interaction of boundary-layer turbulence with the array of
VAWTs. The flow system in the LES model is formulated based on the
3D Cartesian coordinates xiði ¼ 1; 2; 3Þ ¼ ðx; y; zÞ, where x, y, and z
are the coordinates for the streamwise, spanwise, and vertical direc-
tions, respectively. The corresponding 3D velocity vector is denoted as
uiði ¼ 1; 2; 3Þ ¼ ðu; v;wÞ, where u, v, and w are the velocity compo-
nents in the x-, y-, and z-directions, respectively. The wind turbulence
is simulated by solving the following filtered Navier–Stokes equations
for incompressible flow, which are written in the index notation
form as

@eui

@xi
¼ 0; (1)
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Here, fð…Þ denotes the filtering at the LES grid scale D; eui ¼ ðeu;ev ; ewÞ
is the resolved flow velocity; q is the density of air; � are the kinematic
viscosity of air; ssgsij ¼ guiuj � euieuj is the subgrid-scale (SGS) flow stress
tensor; sdij ¼ ssgsij � dijs

sgs
kk=3 is the deviatoric part of ssgsij , where s

sgs
kk is

the trace and dij is the Kronecker delta; ep� is the modified pressure; fp
is an imposed pressure gradient force to drive the flow; and ef e;i repre-
sents the turbine-induced forces to the wind. In particular, the aerody-
namic forces induced by the VAWT blades are modeled using ALM,38

and the modeled forces are smoothly distributed onto the LES compu-
tational grids using a 3D Gaussian kernel method.38,40,41,43 More
details of ALM for modelingef e;i are given in Appendix A.

In the LES model, sdij is modeled using the Lilly–Smagorinsky
eddy-viscosity type model,51,52 i.e., sdij ¼ �2�sgseSij ¼ �2ðcsDÞjeSjeSij,
where eSij ¼ ð@euj=@xi þ @eui=@xjÞ=2 is the resolved strain-rate tensor,

jeSj ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
2eSijeSijq

; �sgs ¼ ðcsDÞjeSj is the SGS eddy viscosity, and cs is the

Smagorinsky model coefficient. In the current LES study, the local and
instantaneous value of cs is determined dynamically during the simula-
tion using the Lagrangian-averaged scale-dependent dynamic (LASD)
model.53 In particular, the LASD model employs the core idea of the
dynamic Smagorinsky model approach of Germano et al.,54 i.e., the
Germano identity equation that relates the resolved turbulent stress to
the SGS stresses at different scales. However, the original dynamic
Smagorinsky model54 assumes cs to be scale invariant and evaluates its
value by performing horizontal averaging, which can lead to inaccurate
results when modeling wall-bounded turbulence with horizontal het-
erogeneity (e.g., the wind farm flows). The LASD model53 overcomes
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these weaknesses by allowing cs to be scale dependent
55,56 and evaluat-

ing its value by Lagrangian average along fluid trajectories instead of
horizontal average.57 The LASD model has been successfully applied
to model the SGS turbulence effects in turbine wake flows in several
prior LES studies.24,26,27,29,30,32–34,58

Equations (1) and (2) are discretized using the Fourier-series-
based pseudo-spectral method in the x- and y-directions on collocated
grids, and the second-order central difference method in the z-direc-
tion on staggered grids. In the basic LES solver, the periodic condition
is used at the lateral boundaries in the x- and y-directions. The free-
slip rigid-lid condition (@eu=@z ¼ @ev=@z ¼ 0; ew ¼ 0) is applied at the
top boundary, which has been commonly used for modeling atmo-
spheric boundary layer turbulence, canopy flows, and wind farm
flows.17,26,27,29,30,53,59–62 The local law-of-the-wall condition53,59–61 is
applied at the bottom boundary, in which the wall surface shear stress
components (swalli3 , i¼ 1, 2) are modeled as53

swalli3 ðx; y; tÞ ¼ � j
lnðd2=z0Þ
� �2

f½êu1ðx; y; d2; tÞ�2

þ ½êu2ðx; y; d2; tÞ�2g1=2êuiðx; y; d2; tÞ; (3)

where êðÞ represents filtering at the scale 2D; d2 ¼ Dz=2 is the height
of the first grid point above the bottom boundary, z0 is the SGS surface
roughness, and j ¼ 0:4 is the von K�arm�an constant.

The simulation is advanced in time using a fractional-step
method, which consists of a velocity prediction step and a pressure
correction step. Full details of the numerical schemes used in the
LESGOmodel are given in Albertson63 and Albertson and Parlange.60

III. SETUP OF SIMULATION CASES

In this study, one straight-bladed VAWT and two helical-bladed
VAWTs are considered. Table I lists the key parameters of the
VAWTs. Except for the geometry of the blades, all three VAWT types
have identical key parameters as summarized here. In particular, each
VAWT is composed of three blades (i.e., Nb¼ 3) with a cross-sectional
shape of the NACA0018 airfoil (with a chord length of c ¼ 0:511m
and a thickness of tb ¼ 0:092m). The turbine rotor radius (i.e., the
radial distance from the central axis to the chord of each blade) is
R ¼ 0:9m; the rotor diameter is D ¼ 2R ¼ 1:8m; the rotor vertical
height is H ¼ 3:2m; and the VAWT equator height (i.e., the
mid-height of the blades) is at zeq ¼ 8:2m above the ground. The
corresponding turbine solidity is r ¼ Nbc=pD � 0:271. In the

simulations, all VAWTs are set to rotate at a fixed TSR of
k ¼ RX=Uref ¼ 1:19 chosen based on the field measurement value
reported in Wei et al.,19 where X is the angular speed of the VAWT
rotation and Uref is the local reference velocity based on the average of
the instantaneous wind velocity sampled along the centerline at 1D
upstream of the corresponding VAWT. Compared with the straight-
bladed VAWT, the two helical-bladed VAWTs have the blades twisted
in opposite directions with a fixed twist rate of 39.69� per meter
height,19 yielding a total twist angle of 127� over the vertical height of
H ¼ 3:2m. Taking the top end of the blade as the reference, if the
blade is twisted counterclockwise toward the bottom end, the twist
angle c between the top and bottom edges of the blade is defined to be
positive. Conversely, if the blade is twisted clockwise from top to bot-
tom, the twist angle is defined as negative, i.e., c ¼ �127�. It should be
noted that the c ¼ �127� helical-bladed VAWT considered in this
study is analogous to the commercial VAWT studied in the field mea-
surement by Wei et al.,19 but with both blade orientation and direction
of rotation of the VAWT mirrored.24 Also, the cross-sectional airfoil
profile considered in the current study does not match precisely with
that of the commercial VAWT studied in Wei et al.19 The commercial
helical-bladed VAWT uses a nonstandard cross-sectional aerodynamic
profile, for which the lift and drag coefficients are not available. Here,
we choose the NACA0018 airfoil profile for modeling because of the
accessibility of its lift and drag coefficients data.64 As shown in
Gharaati et al.,24 the essential effects of the VAWT helical geometry on
the wake flow characteristics can still be captured despite the differ-
ences in the blade cross-sectional profile.

In this study, we focus on investigating the effects of blade geome-
try when VAWTs are deployed in array configurations. The VAWT
arrays have finite streamwise length and interact with a fully developed
neutral turbulent boundary layer inflow. To achieve this in the simula-
tions, the concurrent precursor method developed by Stevens et al.29 is
employed, which is illustrated in Fig. 1. In particular, all simulation
cases are configured with a precursor simulation domain of size
ðLpx; Ly; LzÞ ¼ ð144; 144; 20Þm for modeling the fully developed tur-
bulent boundary layer inflow, and a main simulation domain of size
ðLx; Ly; LzÞ ¼ ð165:6; 144; 20Þm ¼ ð92D; 80D; 11:11DÞ for modeling
the VAWT array. Additional tests with an increased domain height
(see Appendix B) have confirmed that the 20 m domain height chosen
for the reported simulations is adequate. The precursor and main sim-
ulation domains are adjacent at x¼ 0, i.e., the precursor simulation
domain occupies x 2 ½�Lpx; 0� and the main simulation domain occu-
pies x 2 ½0; Lx�. Following prior LES studies of finite-length wind
farms,29,31 the precursor simulation domain utilizes periodic boundary
conditions in the x- and y-directions to obtain the fully developed
boundary-layer turbulence. The main simulation domain utilizes the
inflow–outflow boundary condition in the x-direction and periodic
boundary condition in the y-direction. In order to apply the inflo-
w–outflow condition properly in the Fourier-series-based pseudo-
spectral LES model, the main simulation domain employs the fringe-
zone method.65–67 As illustrated in Fig. 1, a fringe zone with a stream-
wise length of Lfr ¼ Lx=8 ¼ 11:5D ¼ 20:7m is adjacent to the out-
flow boundary, i.e., at x 2 ½xfr; Lx�, where xfr ¼ Lx � Lfr ¼ 7Lx=8
¼ 80:5D. This fringe zone serves as a buffer layer to make the exiting
flow near the downstream boundary transition smoothly to the inflow
condition imposed by precursor simulation at the upstream boundary,
which allows the application of the inflow–outflow condition in the

TABLE I. Key parameters of VAWTs.

Number of blades (Nb) 3

Rotor radius (R) 0:9m
Rotor diameter (D) 1:8m
Rotor vertical height (H) 3:2m
Rotor equator height (zeq) 8:2m
Blade cross-sectional shape NACA 0018 airfoil
Blade chord length (c) 0:511m
Blade thickness (tb) 0:092m
Turbine solidity (r ¼ Nbc=pD) 0.271
Blade twist angle (c) 0�;6127�
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periodic spectral solver.24,29,68 In particular, within this fringe zone, the
flow velocity vector in the LES solver is imposed as29

euiðx; y; z; tÞ ¼ euiðxfr; y; z; tÞ½1� wðxÞ� þ eu in;iðy; z; tÞwðxÞ
at x 2 xfr; Lx½ �; (4)

where wðxÞ ¼ 0:5� 0:5 cos ½pðx � xfrÞ=Lfr� is the fringe function,
and eu in;i is the inflow velocity for the main simulation extracted in real
time from the precursor simulation at x¼ 0. This concurrent precursor
simulation method has been successfully applied in several prior LES
studies of wind turbine flows.24,29,31

Table II summarizes the key parameters for the VAWT array lay-
outs considered in this study. In each case, VAWTs of the same type
are placed in an array consisting of aligned rows (i.e., along the y-direc-
tion) and columns (i.e., along the x-direction). Following Calaf et al.,26

the turbine spacing parameters in the x- and y-directions are defined
as Sx ¼ DLx=D and Sy ¼ DLy=D, respectively, where DLx is the
streamwise distance between the center axes of two neighboring
VAWTs in the same column and DLy is the spanwise distance between
the center axes of two neighboring VAWTs in the same row. For each
of the three VAWT types, three different turbine spacings are consid-
ered, i.e., ðSx; SyÞ ¼ ð10; 10Þ, (7,5), and (5,5), for which the corre-
sponding numbers of VAWT rows and columns included in the LES
are ðNrow;NcolÞ ¼ ð7; 8Þ, (11,16), and (13,16), respectively. These spac-
ings are chosen based on the prior LES study of turbulent boundary

layer flows interacting with arrays of straight-bladed VAWTs.17 Note
that the intermediate spacing ðSx; SyÞ ¼ ð7; 5Þ is also close to those
considered in previous LES studies of wind farms flows for
HAWTs.26–28,32,33 In all the reported simulation cases, the center axis
of the first VAWT in the array (i.e., the one in the first row and the
first column) is located at ðx1; y1Þ ¼ ð7:2; 4:5Þm ¼ ð4D; 2:5DÞ.
Figure 2 shows an illustration of the 3D flow field for case HN5D
obtained from the current LES.

In both the precursor and the main simulation domains, the bot-
tom boundary is set to be flat with a surface roughness of z0 ¼ 0:01m
[used in the wall model Eq. (3)], which falls within the range of the val-
ues of z0 ¼ Oð0:001Þ � Oð1Þm typically used in LES of atmospheric
boundary layer turbulence over flat terrains.49,53,69,70 The flow in
the precursor domain is driven by a prescribed streamwise pressure
gradient force as shown in Eq. (2), i.e., fp ¼ �dp1=dx. When the sim-
ulated flow in the precursor domain reaches the fully developed statis-
tically steady state, the corresponding wind friction velocity is
u� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðLz=qÞdp1=dx
p ¼ 0:64m=s and the mean wind velocity

(obtained by time and horizontal planar averaging) at the VAWT
equator height is Ueq ¼ 11:36m=s. In the main simulation domain,
the flow is driven by the inflow fed into the simulation domain at the
x¼ 0 boundary, and no streamwise force is imposed, i.e., fp¼ 0.

The precursor simulation domain is discretized using 920� 920
�300 grid points, and the main simulation domain is discretized using
1058� 920� 300 grid points. These computational grid points are
evenly spaced in each direction, yielding identical grid resolutions of
ðDx;Dy;DzÞ ¼ ð0:157; 0:157; 0:067Þm in both simulation domains.
The computational mesh used in this study is illustrated in the close-
up view of the (x, z)-plane around the first VAWT in Fig. 1. The size
of the Gaussian kernel for the ALM (see Appendix A for details) is set
to be e ¼ 0:160m. This kernel size yields e=D � 1:36, where
D ¼ ðDxDyDzÞ1=3 � 0:118m, to ensure good numerical stability
when applying the distributed turbine force fe;i in the LES
solver.24,38,40,41 Meanwhile, this kernel size yields a ratio of e=c ¼ 0:31,
which is close to the optimal kernel width criterion [i.e., e=c � Oð0:4Þ]
reported in Martínez-Tossas et al.71 Overall, the LES parameters used
in this study are similar to those used in Gharaati et al.24 The simula-
tions were run using a constant time step of Dt ¼ 6:25� 10�4 s,
which is adequate to capture the effects of rotating VAWTs on the
wind flow as it corresponds to about 600–800 time steps per rotation

FIG. 1. Illustration of concurrent precursor method and boundary conditions to simulate wind farm. A close-up view of the computational mesh around the first VAWT is also
shown. Due to limited space, the middle parts of the precursor and main simulation domains are skipped (as indicated by the dashed lines).

TABLE II. Key parameters of the VAWT array configurations.

Case VAWT type c Sx Sy Nrow Ncol

No. of
VAWTs

HN10D Helical-bladed �127� 10 10 7 8 56
S10D Straight-bladed 0� 10 10 7 8 56
HP10D Helical-bladed 127� 10 10 7 8 56
HN7D Helical-bladed �127� 7 5 11 16 176
S7D Straight-bladed 0� 7 5 11 16 176
HP7D Helical-bladed 127� 7 5 11 16 176
HN5D Helical-bladed �127� 5 5 13 16 208
S5D Straight-bladed 0� 5 5 13 16 208
HP5D Helical-bladed 127� 5 5 13 16 208
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for the VAWTs modeled in the present study. For each case, the sim-
ulation was run for about 630 s (i.e., about 50 times of the flow
through time estimated based on Lpx=Ueq) to allow the simulated
flow field reach the statistically steady state. After then, the simula-
tion was continued for another 50 s duration, from which 4000
instantaneous snapshots of the flow field with a constant time inter-
val of 0:0125 s were sampled to calculate the time-average statistics
of the simulated flow.

IV. RESULTS

As illustrated in Figs. 2 and 3, the turbulent flow exhibits complex
interactions with the large array of VAWTs. To characterize the flow
physics and understand the effects of VAWT blade geometry, in this
section the LES results are analyzed by studying the close-up view of
the instantaneous flow field around a small subset of the VAWT array
(Sec. IVA) as well as by analyzing various flow statistics of the entire
array (Secs. IVB–IVE).

A. Instantaneous velocity fields

Figure 4 shows the close-up views of the instantaneous flow fields
around the first four VAWTs in the second column of the array for
cases S10D and HN10D. In both cases, the flow characteristics in the
near-wake region of the first VAWT resemble those reported in
Gharaati et al.24 based on LES of single VAWTs (i.e., without any
downstream VAWT). In particular, in case S10D, the streamwise
velocity eu in the near wake of the first VAWT exhibits vertical streak
patterns due to the drag effect induced by the rotating straight blades
[see Fig. 4(b)], and the vertical velocity ew exhibits turbine-induced
fluctuations mainly in the two shear layers at the top and bottom edges
of the VAWT wake due to shear instability [see Fig. 4(c)]. Differently,
in case HN10D, the helical-shaped blades with c ¼ �127� generate
inclined low-speed streaks of eu behind the first VAWT [see Fig. 4(e)],
where the vertical velocity ew exhibits noticeable fluctuations also in the
form of inclined streaks in the near wake [see Fig. 4(f)] due to the
three-dimensional wake flow patterns induced by the helical-shaped
blades.24 Compared with case HN10D, in case HP10D [see Figs. 5(a)
and 5(b)], the reversed twist direction of the helical blades results in
reversed effects on the inclination direction of the streak patterns for eu
and ew (for a more detailed comparison, see also Gharaati et al.24).

Unlike the first VAWT in the column that faces the undisturbed
boundary layer turbulence inflow, the downstream VAWTs experience
inflow with higher turbulent intensity due to the wake effect of the
upstream VAWTs, resulting in more intensive turbulent fluctuations
in their wakes than that behind the first VAWT. The enhanced turbu-
lent fluctuations due to wake–VAWT interactions are also affected by
the spacing between VAWTs in the array. Figure 5 compares the side-
views of the instantaneous flow fields in the arrays of c ¼ 127� helical
VAWTs with three different spacings, i.e., cases HP10D, HP7D, and
HP5D. The corresponding top views of the instantaneous flow field for
these three cases are shown in Fig. 6. In case HP10D, the wake flow of
each VAWT has adequate space to recover the wind speed and lower
the turbulent intensity before reaching the downstream VAWT. As
the streamwise spacing of the VAWTs reduces to Sx¼ 7 in case HP7D
and Sx¼ 5 in case HP5D, wakes of the upstream VAWTs impact the
downstream VAWTs when they still possess low wind speed and
high-level turbulent fluctuations, which can impact the power produc-
tion and induce fatigue load to the VAWTs located inside the large
array. The top-views of the flow fields within the VAWT arrays shown
in Fig. 6 (also see Fig. 2) also exhibit considerable spatial variations in
the instantaneous flow fields along different VAWT columns in the
array. As a result, it is difficult to compare the results from different

FIG. 2. Illustration of instantaneous flow
field obtained from LES case HN5D. The
precursor simulation domain occupies
x 2 ½�144; 0�m, and the main simulation
domain with 13� 16 helical VAWTs occu-
pies x 2 ½0; 165:6�m with the fringe zone
at x 2 ½144:9; 165:6�m. Contours of eu
are shown on the two vertical planes and
the horizontal plane at the VAWT equator
height z ¼ zeq.

FIG. 3. Top view of the instantaneous flow field in the array of 13� 16 helical
VAWTs in case HN5D. The contours of the streamwise velocity eu are shown on the
(x,y)-plane at the VAWT equator height z ¼ zeq. The instantaneous cross-sectional
locations of the VAWT blades are indicated by the small black circles.
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simulation cases quantitatively by checking the instantaneous flow
fields. In Secs. IVB–IVE, statistical analyses are conducted to provide
more quantitative measures for the effects induced by different VAWT
blade geometries under different array spacing conditions.

B. Mean flow field

As illustrated in Fig. 2, the simulated turbine array consists of a
large number of VAWTs. The turbulent boundary layer flow produced
by the precursor simulation also exhibits high-/low-speed streaks that

interact with different columns of VAWTs in the array. To obtain rep-
resentative flow statistics, the ensemble average approach used in
Gharaati et al.24 is adopted. First, time average is computed based on
4000 3D instantaneous snapshots of the entire flow field sampled
between t ¼ 630 and 680 s with a constant time interval of 0:0125 s
between successive samples. Furthermore, the time-averaged flow field
is evenly decomposed into Ncol number of subdomains, each of which
is centered along one column of VAWTs. The ensemble average of
these Ncol subdomains is conducted to further converge the statistics
and average out the spatial variations caused by the low-/high-speed

FIG. 4. Instantaneous velocity fields for cases S10D (left panels) and HN10D (right panels): (a) and (d) eu on the (x,y)-plane at the VAWT equator height z ¼ zeq; (b) and (e) eu
on the (x,z)-plane across the centerline of the second column of the VAWT array, i.e., at y¼ y2; and (c) ew on the (x,z)-plane at y¼ y2. In (a) and (d), the instantaneous cross-
sectional locations of the VAWT blades are indicated using the small circles. In (b), (c), (e), and (f), the projected VAWT rotor regions are indicated using the rectangles.

FIG. 5. Instantaneous flow fields in arrays of c ¼ 127� helical-bladed VAWTs with different spacings: (a) and (b) case HP10D, (c) and (d) case HP7D, and (d) and (e) case
HP5D. The contours of the instantaneous streamwise velocity eu (a), (c), and (e) and vertical velocity ew (b), (d), and (f) are shown on the (x,z)-plane across the centerline of the
second column of the VAWT array, i.e., at y¼ y2. For each case, only a small fraction of the simulation domain is shown for illustration purposes.
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streaks in the boundary layer turbulence. For an instantaneous flow
quantity ef obtained from the LES, its time average is denoted as f and
calculated as

f ðx; y; zÞ ¼ 1
Nts

XNts

n¼1

ef ðx; y; z; tnÞ; (5)

where Nts is the total number of samples for time average and tn is the
corresponding time of the nth sample. The temporal fluctuation is
defined as f 0ðx; y; z; tÞ ¼ ef ðx; y; z; tÞ � f ðx; y; zÞ. The ensemble aver-
age of the time-averaged quantity is calculated based on

h f iðx; y0; zÞ ¼ 1
Ncol

XNcol

j¼1

f ðx; y0 þ ðj� 1ÞDLy; zÞ for y0 2 0;DLy
� �

;

(6)

where DLy ¼ Ly=Ncol. Hereinafter, h f i is referred to as the mean ofef .
As reported in Wei et al.19 and Gharaati et al.24 based on the

study of single VAWT’s wake, an important effect induced by the
helical-bladed VAWT is the mean vertical velocity in the wake flow.
Here, this effect is further demonstrated in the VAWT array configura-
tion. In particular, the comparison is made based on the three cases
S10D, HN10D, and HP10D, which use the same ðSx; SyÞ ¼ ð10; 10Þ
array configuration. The results from the other six cases for ðSx; SyÞ ¼
ð7; 5Þ and (5,5) exhibit qualitatively similar effect on the mean vertical

flow motion induced by the helical blades and, thus, are not shown
here due to space limitations.

Figure 7 shows hwi on the (x,z)-plane along the center of the
averaged VAWT column for cases HN10D, S10D, and HP10D.
Taking the straight-bladed VAWT case S10D [Fig. 7(b)] as the refer-
ence, the drag effect induced by the VAWT causes some of the wind
flow to pass around the VAWT rotor from above and below, resulting
in the positive/negative hwi near the top/bottom ends of the VAWT
rotor region, followed by negative/positive hwi on the downstream
side when the detoured wind reenters the wake region. For the two
helical-bladed VAWT cases HN10D and HP10D [Figs. 7(a) and 7(c)],
their mean vertical velocities hwi exhibit noticeable differences from
that in case S10D. For better illustration, the differences in hwi
between cases HN10D/HP10D and S10D are calculated, i.e.,
Dhwi ¼ hwi � hwis, where hwis is the mean vertical velocity of
case S10D. The (x,z)- and (x,y)-plane views of Dhwi are shown in Figs.
8 and 9, respectively.

For case HN10D with the c ¼ �127� helical VAWTs [Figs. 8(a)
and 9(a)], the combination of the clockwise blade twist (from top to
bottom) and the counterclockwise rotation of the VAWT causes the
air flow to be pushed downward by the blades, resulting in a net down-
ward flow near the spanwise edges of the wake region extended down-
stream from the blade surface, as indicated by the negative Dhwi in the
(x,y)-plane view shown in Fig. 9(a). This mean downward flow
induced by the helical-shaped blades is balanced by the net upward
flow along the center of the VAWT wake region, as indicated by the
positive Dhwi shown in Fig. 9(a). On the (x,z)-plane [Fig. 8(a)], this
mean upward flow motion Dhwi appears to dominate around the
upper edge of the VAWT wake region. If the twist direction of the heli-
cal blades is reversed, as in case HP10D with the c ¼ 127� helical
VAWTs, the sign and distribution pattern of Dhwi also appear to be
reversed [see Figs. 8(b) and 9(b)], which is consistent with the LES
results reported in Gharaati et al.24 Note that the VAWTs in the first
row of the array face the undisturbed free-stream inflow. With the
same TSR, these first-row VAWTs rotate faster than the VAWTs
located inside the array, resulting in higher magnitude for Dhwi in the

FIG. 6. Top-view of the instantaneous streamwise velocity fields in arrays of helical
VAWTs of c ¼ 127� with different spacings: (a) case HP10D, (b) case HP7D, and
(c) case HP5D. The contours of the streamwise velocity eu are shown on the (x,y)-
plane at the VAWT equator height z ¼ zeq. For each case, only a small fraction of
the simulation domain is shown for illustration purposes.

FIG. 7. Mean vertical velocity hw i on the (x,z)-plane across the centerline of the
VAWT column for (a) HN10D, (b) S10D, and (c) HP10D.
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wake behind the first VAWT than those behind the downstream
VAWTs (Figs. 8 and 9). Nevertheless, the mean vertical flow effect
induced by the helical-bladed VAWTs persists through the entire
VAWT array to affect the flow statistics.

A direct consequence of the helical-blade-induced vertical
motion is the vertical tilting of the streamwise velocity deficit
region behind the VAWT. Figures 10–12 show the contours of hui on
the (x,z)-plane across the center of the VAWT column for all the nine
simulation cases. The corresponding vertical profiles of hui extracted
at ðx � x1Þ=D ¼ 3 and 39 from Fig. 10 (i.e., cases HN10D, S10D, and
HP10D) and Fig. 12 (i.e., cases HN5D, S5D, and HP5D) are shown in
Fig. 13. In particular, the ðx � x1Þ=D ¼ 3 location is chosen because it
is at the same downstream distance from the first-row VAWTs for
both the ðSx; SyÞ ¼ ð10; 10Þ and (5,5) array configurations; and the
ðx � x1Þ=D ¼ 39 location is chosen because it is at the same upstream
distance in front of the fifth row for the ðSx; SyÞ ¼ ð10; 10Þ cases and
the ninth row for the ðSx; SyÞ ¼ ð5; 5Þ cases.

The effect of the vertical flow motions induced by the helical-
bladed VAWTs can be seen from Fig. 13(a) as well as from the con-
tours of hui behind the first VAWT shown in Figs. 10 and 12. The
upward/downward mean flow motion along the center region of the
wake causes the upward/downward tilting of the low-hui region,
resulting in reduction of velocity gradient j@hui=@zj near the lower

shear layer of the wake region for the cases with c ¼ �127� helical
VAWTs [i.e., the two red color profiles in Fig. 13(a)] and near the
upper shear layer for the cases with c ¼ 127� helical VAWTs [i.e., the
two blue color profiles in Fig. 13(a)] when compared with the huiðzÞ
profiles for the cases with the straight-bladed VAWTs [i.e., the two
green color profiles in Fig. 13(a)]. For the simulation cases considered
in this study, changing the VAWT spacings in the array appears to
induce negligible effect on the velocity field behind the first-row
VAWTs, as the velocity profiles of the corresponding cases with identi-
cal VAWT geometry overlap with each other [e.g., cases HN10D and
HN5D in Fig. 13(a)]. Within the VAWT array, the mean velocity
exhibits convergence toward a fully developed state after the VAWT
row located around ðx � x1Þ=D ¼ 20 (i.e., after the third row for cases
with Sx¼ 10, the fourth row for cases with Sx¼ 7, and the fifth row for

FIG. 8. Differences in the mean vertical velocity relative to case S10D, Dhw i: (a)
case HN10D and (b) case HP10D. The contours are shown on the (x,z)-plane
across the centerline of the VAWT column.

FIG. 9. Differences in the mean vertical velocity relative to case S10D, Dhw i: (a)
case HN10D and (b) case HP10D. The contours are shown on the (x,y)-plane at
the VAWT equator height z ¼ zeq.

FIG. 10. Mean streamwise velocity hui on the (x,z)-plane across the centerline of
the VAWT column for the cases with Sx¼ 10: (a) HN10D, (b) S10D, and (c)
HP10D.

FIG. 11. Mean streamwise velocity hui on the (x,z)-plane across the centerline of
the VAWT column for the cases with Sx¼ 7: (a) HN7D, (b) S7D, and (c) HP7D.
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cases with Sx¼ 5) as indicated by the similarity in the hui contours
further downstream as shown in Figs. 10–12. This convergence of
VAWT array flow toward the fully developed state can also be seen
from the downstream development of the VAWT power coefficient
shown later in Sec. IVE. Similar fully developed state has been also
reported in previous studies of finite-length wind turbine array flows
based on HAWTs.29,30,72

Figure 13(b) shows the representative huiðzÞ profiles for the
inflow in front of VAWTs located in the fully developed region of the
array. Reducing the streamwise spacing of the VAWTs can cause con-
siderable reduction on the local inflow wind speed for VAWTs located
inside the array. In particular, the mean streamwise velocity at the
equator height [i.e., huiðz ¼ zeqÞ] can recover to about 75% of Ueq for
the cases with Sx¼ 10 but can only recover to about 60% for the cases
with Sx¼ 5. This difference in the mean wind speed for different spac-
ings lead to differences in the mean power coefficient, which are dis-
cussed in Sec. IVE.

C. Turbulence statistics

Compared with VAWTs located in the first row, VAWTs located
inside the array operate in a more complex wind field with reduced
mean wind speed but increased turbulent fluctuations due to the
VAWT wake effects. Turbulent fluctuations play an important role on
entraining the kinetic energy into the VAWT array to supply the wind
energy extraction.25–27,32,33 In this section, the turbulence statistics of
the VAWT wakes in the large array are analyzed.

Figures 14 and 15 show the contours of hu0u0 i on the (x,z)-plane
across the centerline of the VAWT column for the cases with Sx¼ 10
and 5, respectively, and Fig. 16 shows the corresponding vertical pro-
files at ðx � x1Þ=D ¼ 32 and 39. Note that ðx � x1Þ=D ¼ 32 is located
at 2D downstream of the nearest VAWT (i.e., the third row for Sx¼ 10
and the seventh row for Sx¼ 5), and ðx � x1Þ=D ¼ 39 is located at 1D
upstream of the nearest VAWT (i.e., the fourth row for Sx¼ 10 and
the ninth row for Sx¼ 5). Due to the vertical tilting of the VAWT
wake caused by the mean vertical flow motion induced by the helical

FIG. 13. Vertical profiles of mean stream-
wise velocity hui along the VAWT column
centerline for cases with Sx¼ 10 and
Sx¼ 5 at: (a) ðx � x1Þ=D ¼ 3 and (b)
ðx � x1Þ=D ¼ 39. The symbols are plot-
ted for every five vertical grid points.

FIG. 14. Covariance of streamwise velocity hu0u0 i on the (x,z)-plane across the
centerline of the VAWT column for cases with Sx¼ 10: (a) HN10D, (b) S10D, and
(c) HP10D.

FIG. 12. Mean streamwise velocity hui on the (x,z)-plane across the centerline of
the VAWT column for the cases with Sx¼ 5: (a) HN5D, (b) S5D, and (c) HP5D.
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blades (see Figs. 8 and 9), the intensity of the vertical gradient of hui is
weakened near the lower (upper) shear layer of the wake behind the
negative (positive) helical VAWT when compared with the corre-
sponding straight-bladed VAWT case [see Fig. 13(a)]. This weakening
effect on the velocity gradient results in the weakening of hu0u0 i.
Taking as an example the Sx¼ 10 cases shown in Fig. 16(a), case
HP10D exhibits smaller peak value of hu0u0 i near ðz � zeqÞ=D ¼ 1
than case S10D, while case HN10D exhibits smaller peak value than
case S10D near ðz � zeqÞ=D ¼ �1. Reducing the VAWT spacing
causes the turbulence intensity in the near-wake region of the VAWTs
to increase, but the overall effect of the helical blades appears to be
qualitatively similar between the cases with Sx¼ 10 and 5 [see
Fig. 16(a) vs Fig. 16(c)]. Reducing the streamwise spacing of VAWTs
induces more significant effect on the inflow turbulence intensity of
VAWTs, as shown in Figs. 16(b) and 16(d). With more streamwise
spacing, the wake flow of the upstream VAWTs have more space/time
to recover the speed and dissipate the turbulence fluctuation, which
can lead to less fatigue load on the downstream VAWTs.

In the VAWT wake, the Reynolds shear stress tensor hu0iu0ji plays
an important role on entraining momentum and kinetic energy from
the surrounding high-speed flow into the wake region to recover the

FIG. 15. Covariance of streamwise velocity hu0u0 i on the (x,z)-plane across the
centerline of the VAWT column for cases with Sx¼ 5: (a) HN5D, (b) S5D, and (c)
HP5D.

FIG. 16. Vertical profiles of hu0u0 i across
the VAWT column centerline at ðx � x1Þ=D
¼ 32 (a) and (c) and ðx � x1Þ=D ¼ 39 (b)
and (d). Panels (a) and (b) are for Sx¼ 10,
and panels (c) and (d) are for Sx¼ 5.
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wind speed. In particular, the turbulent entrainment of momentum is
governed by hu0w0 i in the vertical direction and by hu0v0 i in the span-
wise direction. Figures 17 and 18 show the contours of hu0w0 i on the
(x,z)-plane across the centerline of the VAWT column for the cases
with Sx¼ 10 and 5, respectively. Figure 19 shows the corresponding
vertical profiles of hu0w0 i at ðx � x1Þ=D ¼ 33 extracted from Figs. 17
and 18. Similar to the effects on hu0u0 i, the negative (positive) helical
VAWT causes the weakening of hu0w0 i near the lower (upper) shear
layer compared with the corresponding straight-bladed VAWT case
(Fig. 19). In the cases with Sx¼ 10 (Fig. 17), the intensity of hu0w0 i
exhibits noticeable variation as the wake flow travels through the 10D
streamwise distance toward the downstream VAWT row. As the
streamwise spacing is reduced to Sx¼ 5 (Fig. 18), hu0w0 i remains at
high-intensity level over the smaller 5D streamwise distance between
VAWT rows, forming two continuous shear layers around the upper
and lower edges of the VAWT rotor region that are overall stronger
than the two shear layers in the corresponding cases with Sx¼ 10
(Fig. 17). As shown later in Sec. IVD, the enhanced overall hu0w0 i

intensity (due to less streamwise variation) results in more turbulent
entrainment of kinetic energy to supply the wind power extraction by
more VAWTs in the Sx¼ 5 cases.

Figures 20 and 21 show the contours of hu0v0 i on the (x,y)-plane
at the VAWT equator height z ¼ zeq for the cases with Sx¼ 10 and 5,
respectively, and Fig. 22 shows the corresponding spanwise profiles of
hu0v0 i extracted at ðx � x1Þ=D ¼ 33. Similar to the effect on hu0w0 i,
reducing the streamwise spacing from Sx¼ 10 to 5 leaves less space for
hu0v0 i to decay before reaching the successive downstream VAWTs,
forming two continuous lateral shear layers aside the VAWT column
with strong turbulent entrainment. Moreover, Fig. 22 shows that the
wakes of the two helical-bladed VAWTs exhibit higher magnitude of
hu0v0 i than the straight-bladed VAWT near ðy � y1Þ=D ¼ �0:5,
which can lead to more lateral turbulent entrainment of momentum
and kinetic energy.

Here, the shear-induced production of hu0v0 i is analyzed to help
understand the difference caused by the VAWT blade geometry. The

FIG. 17. Reynolds shear stress hu0w 0 i on the (x,z)-plane across the VAWT column
centerline for the cases with Sx¼ 10: (a) HN10D, (b) S10D, and (c) HP10D.

FIG. 18. Reynolds shear stress hu0w 0 i on the (x,z)-plane across the VAWT column
centerline for the cases with Sx¼ 5: (a) HN5D, (b) S5D, and (c) HP5D.

FIG. 19. Vertical profiles of hu0w 0 i across
the VAWT column centerline at
ðx � x1Þ=D ¼ 33. Panel (a) shows the
cases with Sx¼ 10, and panel (b) shows
the cases with Sx¼ 5.
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transport equation for the Reynolds shear stress component hu0v0 i in
the VAWT wake can be written as [see Eq. (7.178) in Pope73]

0 ¼ � @hu0v0 i
@t

� huji @hu
0v0 i

@xj
�hu0u0ji

@hvi
@xj

� hv0u0ji
@hui
@xj|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P12

� 1
q
hu0 @p

0

@y
þ v0

@p0

@x
i|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P12

� @hu0v0u0j i
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�
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esgs12

; (7)

where P12 is the total production of hu0v0 i caused by the shear instabil-
ity, P12 is the velocity–pressure-gradient tensor, T12 is the transport

due to resolved turbulence, D�
12 is the molecular diffusion, Dsgs

12 is the
SGS diffusion, e�12 is the molecular dissipation, and esgs12 is the SGS
dissipation.

Figure 23 shows the contours of hu0v0 i and its production P12 on
the (y,z)-plane at ðx � x1Þ=D ¼ 33 for the three cases with Sx¼ 10.
The results for Sx¼ 5 are qualitatively similar and, thus, are not shown
here due to space limitation. The distributions of hu0v0 i and P12 exhibit
strong correlation. Both of them exhibit higher magnitude in the shear
layer around ðy � y1Þ=D ¼ �0:5 in the two helical-bladed VAWT
cases than in the straight-bladed VAWT case, which is consistent with
the results shown in Fig. 22(a). Note that P12 can be expressed in six
separate terms as

P12 ¼ �hu0u0 i @hvi
@x|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Pa12

�hu0v0 i @hvi
@y|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
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12

�hu0w0 i @hvi
@z|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Pc12

�hv0u0 i @hui
@x|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Pd
12

�hv0v0 i @hui
@y|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
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12

�hv0w0 i @hui
@z|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Pf
12

: (8)

For the current VAWT wake flow problem, Pb
12; P

d
12, and Pe

12 are
the dominant terms, among which Pb

12 and Pd
12 have opposite signs

FIG. 20. Reynolds shear stress hu0v0 i on the (x,y)-plane at the VAWT equator
height z ¼ zeq for the cases with Sx¼ 10: (a) HN10D, (b) S10D, and (c) HP10D.

FIG. 21. Reynolds shear stress hu0v0 i on the (x,y)-plane at the VAWT equator
height z ¼ zeq for the cases with Sx¼ 5: (a) HN5D, (b) S5D, and (c) HP5D.

FIG. 22. Spanwise profiles of hu0v0 i at
the VAWT equator height z ¼ zeq at the
streamwise location ðx � x1Þ=D ¼ 33.
Panel (a) shows the cases with Sx¼ 10,
and panel (b) shows the cases with
Sx¼ 5.
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(thus leading to considerable cancellation) and are about one order of
magnitude smaller than Pe

12. Therefore, the total production P12 is
dominated by the contribution from Pe

12 ¼ �hv0v0 ið@hui=@yÞ. As
shown in Fig. 24, the spanwise profiles of hui are similar for the cases
with different VAWTs, resulting in similar values for @hui=@y. Thus,
the differences in P12 are mainly due to hv0v0 i. Figure 25 compares the

distributions of hv0v0 i on the (y,z)-plane at ðx � x1Þ=D ¼ 33 for the
three cases with Sx¼ 10. Compared with the straight-bladed case
S10D, the high-intensity region of hv0v0 i in cases HN10D and HP10D
extend more toward the ðy � y1Þ < 0 half of the plane. The combina-
tion of similar value of @hui=@y with higher value of hv0v0 i in the
shear layer at ðy � y1Þ < 0 in the helical VAWT cases (HN10D and

FIG. 23. Reynolds shear stress hu0v0 i (a)–(c) and its production P12 (d)–(f) on the (y,z)-plane at ðx � x1Þ=D ¼ 33 for the cases with Sx¼ 10: (a) and (d) case HN10D, (b) and
(e) case S10D, and (c) and (f) case HP10D.

FIG. 24. Spanwise profiles of hui at the
VAWT equator height z ¼ zeq at the
streamwise location ðx � x1Þ=D ¼ 33.
Panel (a) shows the cases with Sx¼ 10,
and panel (b) shows the cases with
Sx¼ 5.
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HP10D) results in the higher production P12 than that in case S10D,
producing higher magnitude of hu0v0 i in this region as shown in
Fig. 23.

D. Transport tube of mean kinetic energy

To visualize the energy transport in array of VAWTs, here the
transport-tube method developed by Meyers and Meneveau74 is
adopted. In particular, the transport of mean kinetic energy
(K ¼ huiihuii=2) is governed by the following equation:

@FK;j
@xj

¼ � 1
q
@ðhuiihpiÞ

@xi
þ hu0iu0j i

@huii
@xj

þ hssgsij ihSiji � huii
hf e;ii
q

;

(9)

where

FK;j ¼ Khuji þ hu0iu0j ihuii þ hssgsij ihuii (10)

is the mean kinetic energy flux vector field per unit mass. The four
terms on the right-hand side of Eq. (9) represent the pressure trans-
port, the mean-shear induced production, the SGS dissipation of the
mean kinetic energy, and the work done by the turbine force, respec-
tively. Based on FK;j, the transport velocity for the mean kinetic energy
can be determined based on

huK;ji 	 FK;j=K ¼ huji þ hu0iu0j ihuii=K þ hssgsij ihuii=K; (11)

where the three terms on the right-hand side of Eq. (11) represent the
contributions from the mean-flow advection, the resolved turbulent
transport, and the unresolved SGS transport, respectively.

Following Meyers and Meneveau,74 a transport tube of K is
defined as a tubular region surrounded by the streamlines of the K-
transport velocity huK;ji in analogy to the concept of a stream tube for
mass transport. In the current analysis, the transport tube of mean
kinetic energy is constructed based on the streamlines of huK;ji traced
backwards (i.e., toward the upstream direction) from 120 evenly
spaced starting points on the rectangular mantle of the projected
VAWT rotor area at ðx � x1Þ=D ¼ 38:5. Figure 26(a) shows the 3D
illustration of the mean kinetic energy transport tube based on case
HN10D. To show the effect of VAWT blade geometry on the kinetic

energy transport, three representative streamwise locations are chosen
for comparison, i.e., ðx � x1Þ=D ¼ 31, 21, and 11. The cross-sectional
shapes of the tube mantle of cases HN10D, S10D, and HP10D at these
three streamwise locations are shown in Figs. 26(b)–26(d) for compari-
son. In all three cases, the tube cross section exhibits noticeable expan-
sion when traced upstream, indicating the entrainment of kinetic
energy into the VAWT wake region to recover the wind speed.

As shown in Sec. IVC, the straight-bladed VAWT case S10D has
stronger vertical turbulent entrainment hu0w0 i but weaker spanwise
turbulent entrainment flux hu0v0 i than the other two helical-bladed
VAWT cases. As a result, the tube mantle in case S10D shows more
vertical expansion and less spanwise expansion than cases HN10D and
HP10D (Fig. 26). In case HN10D [Fig. 26(b)], the vertical expansion of
the tube mantle is dominated by the effect of hu0w0 i and the helical-
blade-induced mean upward flow. Relative to case S10D, in case
HN10D the mean upward relative velocity Dhwi near the upper side
of the wake region [see Fig. 8(a)] partially cancels the downward tur-
bulent entrainment effect of hu0w0 i, resulting in reduced vertical
expansion of the tube’s upper side as traced upstream [see Fig. 26(b) vs
Fig. 26(c)]. On the other hand, in case HN10D, the tube expansion on
the lower side is weakened due to the weakened hu0w0 i [see Fig. 19(a)].
Similar to the effects on other turbulence statistics, reversing the blade
twist direction of the helical-bladed VAWT causes the effects on the
vertical expansion of the mean kinetic energy transport tube to be
also reversed, as illustrated by the comparison between Figs. 26(b)
and 26(d).

To illustrate the effects of VAWT spacing on the mean kinetic
energy transport, the (y,z)-plane cross sections of the K transport tubes
at ðx � x1Þ=D ¼ 31, 21, and 11 for cases HN10D and HN5D are
shown in Fig. 27 for comparison. As discussed in Sec. IVC, reducing
the streamwise spacing of the VAWT array causes the magnitudes of
hu0w0 i and hu0v0 i in case HN5D to maintain at a higher intensity level
than those in case HN10D, resulting in more turbulent entrainments
of mean kinetic energy. This effect is reflected in the more expansion
of the transport tube of case HN5D than case HN10D. The compari-
sons between other corresponding Sx¼ 5 and 10 cases exhibit consis-
tent effect and, thus, are not shown here due to space limitation.

The differences in the transport of mean kinetic energy in the
wake regions behind different types of VAWTs can cause different
wind speed recovery that can impact the power production of the

FIG. 25. Covariance of spanwise velocity hv0v0 i on the (y,z)-plane at ðx � x1Þ=D ¼ 33 for the cases with Sx¼ 10: (a) case HN10D, (b) case S10D, and (c) case HP10D.
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downstream VAWTs. It should be noted that when a downstream
VAWT extracts wind energy, its obstacle effect causes the increase in
the pressure in front of the VAWT rotor that can affect the compari-
son of the wind speed recoveries between different simulation cases.
That is to say, the inflow speed in front of a VAWT inside the array is
the consequence of the combined effect of upstream VAWT wake
recovery and the wind energy extraction (i.e., through the aerodynamic
forces) of this downstream VAWT itself. To isolate the effect of wake

recovery for a fair comparison, the wake of the last VAWT row is cho-
sen for analysis. The last row possesses similar inflow characteristics as
other VAWT rows inside the fully developed region of the VAWT
array, but does not have another downstream VAWT row to induce
additional pressure effect.

Figure 28 compares the (y,z)-plane distributions of the mean
streamwise velocity hui for the three Sx¼ 10 cases HN10D, S10D, and
HP10D. The effects shown by the mean kinetic energy transport tubes

FIG. 26. Mean kinetic energy transport
tubes for cases with Sx¼ 10. Panel (a)
shows the three-dimensional visualization
of the tube for case HN10D. Panels
(b)–(d) show the (y,z)-plane views of the
tube mantle at ðx � x1Þ=D ¼ 38:5 (black
dashed line), 31 (red solid line), 21 (green
dashed-dotted line), and 11 (blue dashed-
dotted-dotted line): (b) case HN10D, (c)
case S10D, and (d) case HP10D.

FIG. 27. Comparison of mean kinetic energy transport tubes between cases HN10D and HN5D. The figure shows the (y,z)-plane views of the tube mantle at different stream-
wise locations ðx � x1Þ=D ¼: (a) 31, (b) 21, and (c) 11. In each panel, the black dashed line shows the initial rectangular tube mantle prescribed at ðx � x1Þ=D ¼ 38:5, the
red solid line is for case HN10D, and the blue dashed-dotted line is for case HN5D.
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in Fig. 26 are reflected here in the mean streamwise velocity contours.
For case S10D [Fig. 28(b)], due to more turbulent entrainment of K
from the top and bottom sides, the velocity deficit region (i.e., the
region with blue contour color) is more round-shaped than those ellip-
tical regions in cases HN10D [Fig. 28(a)] and HP10D [Fig. 28(c)]. Due
to the stronger turbulent entrainment associated with hu0v0 i from the
lateral direction, cases HN10D and HP10D also exhibit more wind
speed recovery than case S10D. Between case HN10D and HP10D, the
relatively strong vertical entrainment hu0w0 i around the upper shear
layer in case HN10D [see Fig. 19(a)] causes more mean kinetic energy
to be entrained from the high-speed free-stream wind above the
VAWT rotor layer into the wake region, resulting in slightly more
wind speed recovery than case HP10D. These differences in wind
speed recovery rates can impact the wind power extraction for
VAWTs in large arrays, which is further quantified and analyzed in
Sec. IVE.

E. Power and structural bending moment

The power extracted by a VAWT can be calculated based on the
wind-induced torque. Let hn;m be the instantaneous rotation azimuth
angle of the nth element of the mth blade. Its contribution to the tor-
que is

sn;m ¼ Fn;1ðhn;mÞ sin hn;m � Fn;2ðhn;mÞ cos hn;m
� �

R; (12)

where the aerodynamic force components Fn;1 and Fn;2 are given in
Appendix A by Eqs. (A1) and (A2), respectively. The instantaneous
power extracted by the individual VAWT is

P ¼
XNb

m¼1

XNe

n¼1

sn;mX; (13)

and the corresponding power coefficient is

Cp ¼ P
0:5qHDU3

10
: (14)

Here, U10 is the mean inflow wind speed from the precursor
simulation measured at the 10m height,19 which is estimated to be
U10 ¼ 11:79m=s for the LES cases presented in this study.

Similar to the statistical analyses presented in Secs. IVB–IVD,
here the mean power coefficients hCpi of different VAWT rows are
calculated by time average as well as ensemble average among VAWTs
in the same row. The values of hCpi for all nine simulation cases are
shown in Fig. 29. VAWTs in the first row of each case can extract
more power because they face the faster undisturbed wind, while indi-
vidual VAWTs inside the array produce less power due to the wake
effect from the upstream VAWTs. In each of the nine simulation cases,
the mean power coefficient converges nearly to a constant value
beyond ðx � x1Þ=D � 20, which corresponds to the fully developed

FIG. 28. Mean streamwise velocity hui on the (y,z)-plane at ðx � x1Þ=D ¼ 69 for the cases with Sx¼ 10: (a) case HN10D, (b) case S10D, and (c) case HP10D.

FIG. 29. Mean power coefficients hCpi for different VAWT rows in the nine cases.
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flow region shown in Figs. 10–12. Reducing the streamwise turbine
spacing Sx causes the local inflow wind speed to recover less, resulting
in lower power coefficients for the VAWTs inside the array. Moreover,
the VAWT blade geometry also causes noticeable effect on the power
production. Taking as an example the Sx¼ 10 cases, the averaged
power coefficients in the fully developed region of the array [denoted
as ½Cp�fd and calculated based on the VAWTs at ðx � x1Þ=D > 21] for
the three different VAWT types follow the order of HN10D> HP10D
> S10D, as shown in Table III. A similar trend is observed for the cases
with Sx¼ 7. For Sx¼ 5, both helical-bladed VAWT cases (i.e., HN5D
and HP5D) show higher ½Cp�fd than the straight-bladed VAWT case
(i.e., S5D), with the value of case HP5D slightly higher than that of
case HN5D. Overall, the cases with helical-bladed VAWTs exhibit
about 4:94–7:33% higher power than the corresponding cases with the
straight-bladed VAWT.

When designing commercial wind farms, it is important to evalu-
ate the power production rate per unit land area when the availability
and cost of land are important factors to consider. Following Calaf
et al.26 (also see Yang et al.32), the extracted power density by VAWTs
in the fully developed region of the array is defined as

P�
d ¼

P½ �fd
SxSyD2qU3

10
¼

Cp½ �fd
SxSyð2D=HÞ ; (15)

where ½P�fd is the averaged power of VAWTs within the fully devel-
oped region of the array. Note that the contributions from the entrance
region of the array [i.e., the first few rows of VAWTs at
ðx � x1Þ=D 
 21] are excluded from the calculation of P�

d . For large
commercial wind farms with many rows of VAWTs, the major frac-
tion of the total power production is due to the contribution from
VAWTs in the fully developed region and scales as � P�

dðSxSyD2NfdÞ,
where Nfd are the total number of VAWTs in the fully developed
region spaced evenly with SxD and SyD in the x- and y-directions,
respectively.

The values of P�
d for the nine cases considered in this study are

listed in Table III. Changing the spacing from ðSx; SyÞ ¼ ð10; 10Þ to
(7,5) (corresponding to about 186% increase for the number of
VAWTs per unit land area) results in about 125% increase in P�

d
between the corresponding cases with the same VAWT type. Further
reducing the spacing from ðSx; SyÞ ¼ ð7; 5Þ to (5,5) (corresponding
to about 40% increase for the number of VAWTs per unit land
area) results in only 2:39–4:33% increase in P�

d for the three different
VAWT types. Thus, it is apparent that the ðSx; SyÞ ¼ ð7; 5Þ spacing
is more economical choice than the ðSx; SyÞ ¼ ð5; 5Þ spacing consider-
ing its lower cost (i.e., fewer VAWTs for lower cost on initial installa-
tion and long-term maintenance) for achieving comparable P�

d . To

determine which spacing is more economical between ðSx; SyÞ ¼
ð10; 10Þ and (7, 5), an optimization analysis based on the actual cost of
land space, VAWTs, and long-term maintenance will need to per-
formed.31,75 Note that it is computationally expensive to use LES for
optimization analysis. Alternatively, previous studies (see, e.g., Meyers
and Meneveau75 and Stevens31) used low-cost parameterizations of
wind farm flows instead of LES to determine the optimal spacings and
layouts of turbines for HAWT-based wind farms. A similar optimiza-
tion analysis may be conducted for VAWT-based wind farms, which
goes beyond the scope of the present work and will be considered in a
future study.

Moreover, the instantaneous torque and power of a VAWT can
have considerable temporal variations due to the effect of its own rota-
tion (during which each blade experiences rapid change of aerody-
namic forces depending on the rotation azimuth angle) as well as the
effect of turbulence in its local inflow. Here, the temporal fluctuation
of a VAWT’s power coefficient is defined as C0

p ¼ Cp � Cp, and its
root mean square value (i.e., the standard deviation) is denoted as rcp.
The averaged values of rcp based on the VAWTs in the same row, i.e.,
hrcpi, are calculated for all the nine simulation cases and the results are
shown in Fig. 30. For the straight-bladed VAWT, each blade is located
at a specific rotation angle h with a difference of 6120� relative to the
rotation angles of the other two blades. As the straight-bladed VAWT
rotates, the instantaneous power oscillates as the three blades rotate
through the full range of the azimuth angle. In contrast, each blade of
the two helical VAWTs considered in this study covers a 127� range of
h, and the combination of three blades allows the full coverage of the
entire rotation circle at any instantaneous time of the rotation, result-
ing in much less temporal fluctuation of the power. As shown in
Fig. 30(a), for each VAWT array spacing, the straight-bladed VAWT
case exhibits much higher hrcpi than the two corresponding helical-
bladed VAWT cases. For the averaged value of hrcpi based on the
VAWTs in the fully developed region of the array, the cases with
helical-bladed VAWTs exhibit about 47:6–60:1% reduction compared
with the corresponding cases with straight-bladed VAWTs.

For each VAWT type, Fig. 30 also shows that hrcpi reduces if the
VAWT spacing is reduced. Such reduction could be due to the reduc-
tion of local inflow wind speed caused by smaller spacing. Note that
the mean power coefficient hCpi also reduces with the reduced VAWT
spacing due to the wind speed reduction. The ratio hrcpi=hCpi quanti-
fies the relative magnitude of the temporal fluctuation with respect to
the mean. As shown in Fig. 30(b), the values of hrcpi=hCpi for the
straight-bladed VAWT for the three different spacings are very close
to each other (around 1.1), confirming that the temporal oscillation of
power coefficient for the straight-bladed VAWT cases is dominated by
the effect of blade rotation as discussed above.

TABLE III. The averaged power coefficient per VAWT (½Cp�fd ) and the corresponding extracted power density coefficient (P�
d ) for VAWTs located in the fully developed region of

the array. The relative increment of power coefficient is defined with respect to the straight-bladed VAWT case of the same array spacing.

Spacing
ðSx; SyÞ ¼ ð10; 10Þ ðSx; SyÞ ¼ ð7; 5Þ ðSx; SyÞ ¼ ð5; 5Þ

Case HN10D S10D HP10D HN7D S7D HP7D HN5D S5D HP5D

½Cp�fd ð10�2Þ 2.92 2.73 2.86 2.31 2.15 2.28 1.69 1.60 1.70
P�
d ð10�4Þ 2.60 2.43 2.55 5.86 5.46 5.78 6.00 5.67 6.03

Relative increase 7.00% … 4.94% 7.33% … 5.86% 5.82% … 6.35%
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In contrast, the cases associated with the two helical VAWTs
exhibit similar dependence of hrcpi=hCpi on the VAWT spacing. Due
to the smooth coverage of h by the three helical-shaped blades, the
contribution to the temporal oscillation due to blade rotation is much
less significant compared with the corresponding straight-bladed
VAWT cases. This allows the effects of inflow turbulence to become
more prominent. Note that all the helical-bladed VAWT cases have
consistent free-stream inflow condition, resulting in very close values
of hrcpi=hCpi for the first VAWT row [Fig. 30(b)]. As the VAWT
streamwise spacing is reduced, the turbulence intensity in the local
inflow in front of each VAWT inside the array is increased [see Figs.
16(b) and 16(d)]. Consequently, the magnitudes of hrcpi=hCpi in
different helical-bladed VAWT cases follow the order of HN5D/HP5D
> HN7D/HP7D> HN10D/HP10D as shown in Fig. 30(b).

In addition to the effects on the wind power extraction, the
VAWT blade geometry and the array spacing can also affect the wind
load on the VAWT structure. Wind-induced oscillation can cause
fatigue effect and impact the longevity of the VAWT system. Here, the
spanwise bending moment relative to the root of the VAWT central
axis is analyzed for demonstration purposes. The instantaneous span-
wise bending momentMy can be calculated based on

My ¼
XNb

m¼1

XNe

n¼1

Fn;1ðhn;mÞzn ; (16)

where Fn;1ðhn;mÞ is the x-direction force component acting on the nth
element of the mth blade, and zn is the vertical coordinate of the blade
element (assume the origin of the z coordinate is at the ground level
and neglect the thickness of any bottom base structure). The dimen-
sionless bending moment coefficient is defined as

Cy ¼
My

0:5qHDzeqU2
10
; (17)

where HD corresponds to the projected area of the VAWT rotor and
zeq is the rotor equator height relative to the ground level (as defined
in Sec. III).

For structure health, the crucial component of Cy is its temporal
fluctuation part, which can cause fatigue effect to damage the VAWT
structure. Here, the standard deviation for the temporal variation of Cy

is denoted as rCy and is calculated based on the LES data. The row-
averaged values hrCyi for different VAWT rows in the nine simulation
cases are shown in Fig. 31. Similar to the blade effect on the power pro-
duction, the straight-bladed VAWTs experience considerable temporal
variations in Cy. Reducing the VAWT spacing causes the reduction of
the local inflow speed (thus reducing the rotation speed) for VAWTs
located inside the array, resulting in the reduction of hrCyi for the
straight-bladed VAWT as shown in Fig. 31. The twisted blades of the
helical VAWTs help reduce the temporal variation of Cy by covering
the full range of h smoothly during the rotation. For the helical-bladed
VAWTs, the cases with positive twist angle appear to have smaller
hrCyi than the corresponding negative twist angle cases. A close-up
look of the flow field in the VAWT rotor region suggests that the dif-
ference in hrCyi between the positive and negative helical-bladed
VAWTs is caused by the effect of vertical flow generated by the twisted
blade. Figure 32 shows the comparison between cases HN10D and
HP10D for demonstration. In case HP10D, the helical blades induce
additional upward flow motion in the rotor region relative to the
straight-bladed VAWT case S10D [see around ðx � x1Þ=D ¼ 39:65 in
Fig. 32(d)], causing the distribution of the streamwise velocity fluctua-
tion hu0u0 i to be more biased toward the upper side of the rotor region

FIG. 31. Row-averaged standard deviation for the temporal variation of the span-
wise bending moment, rCy , for different VAWT rows in the nine simulation cases.

FIG. 30. Row-averaged standard deviation for the temporal variation of the power
coefficient, hrcpi, for different VAWT rows in the nine simulation cases. Panel (a)
shows hrcpi and panel (b) shows hrcpi=hCpi.
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[Figs. 32(e) and 32(f)]. In contrast, the helical blades in case HN10D
induces additional downward flow motion in the rotor region
[Fig. 32(a)], which helps make hu0u0 i more evenly distributed along
the vertical direction. The bias of turbulent fluctuation inside the rotor
region toward the upper side in case HP10D results in slightly higher
hrCyi than that in case HN10D.

V. DISCUSSION AND CONCLUSION

In this study, the turbulent flow characteristics in large arrays of
VAWTs with finite streamwise length are investigated via LES model-
ing. A total of nine cases are simulated and analyzed, covering three
different VAWT spacings [i.e., ðSx; SyÞ ¼ ð10; 10Þ, (7,5), and (5,5)]
and three different VAWT types (i.e., one straight-bladed VAWT and
two helical-bladed VAWTs with opposite twist angles of c ¼ 6127�).
In each case, the array consists of a large number of VAWTs (i.e., 56,
176, and 208 for the three different spacings), which rotate indepen-
dently based on the local inflow speed. The aerodynamic forces of each
blade are modeled using ALM. The combination of LES and ALM
allows the detailed wake flow characteristics inside the large array of
VAWTs to be captured.

By performing systematic statistical analysis, the effects of
VAWT blade geometry on the turbulent flow characteristics, VAWT
power production, and structural bending moment fluctuation under
different array spacing conditions are investigated. In all reported sim-
ulation cases, the flow characteristics in the VAWT array exhibit con-
vergence toward a fully developed state after the VAWT row located
around ðx � x1Þ=D ¼ 20 toward the downstream direction. For the
same array spacing, the two helical-bladed VAWTs are found to have
about 4:94%–7:33% higher mean power production rate in the fully
developed region than the corresponding straight-bladed VAWT
cases. Statistical analyses of the flow field inside the VAWT array

indicate that the increased power for helical VAWTs is due to the
enhanced lateral entrainment of mean kinetic energy to help recover
the wake flow speed behind each VAWT. Compared with the straight-
bladed VAWT, the helical-bladed VAWTs are found to also extract
wind power much more smoothly, exhibiting about 47:6%–60:1%
reduction in the temporal fluctuation of the power coefficient (esti-
mated based on the averaged value of hrcpi in the fully developed
region of the array). The helical-bladed VAWTs also experience much
less wind-induced oscillation in the spanwise bending moment relative
to the base of the VAWT tower when compared with the straight-
bladed VAWT, which suggests that using helical-bladed VAWTs may
increase the longevity of the VAWT system and reduce the long-term
maintenance cost.

It should be noted that due to the high computational cost for
simulating large VAWTs arrays, the present study only includes a lim-
ited number of simulation cases that cover three different array spac-
ings with all three VAWT types based on the same basic design
(differing only in the blade twist angle). More simulations may need to
be conducted in the future to consider additional VAWT designs,
array spacings, array lengths, etc., in order to further generalize the
understanding of the potential performance differences between
helical-bladed and straight-bladed VAWTs.

It should also be noted that although the ALM-based LES model
has been used as the high-fidelity model for uncertainty quantification
of other lower-fidelity wind farm models,76,77 it may still produce
uncertainties due to the complexity involved in modeling wind farm
flows. Potential sources for uncertainties when using ALM-based LES
to predict the performance of wind farms may include the wind direc-
tion variations due to large-scale weather system, LES grid resolution,
SGS modeling, modeling or parameterization of the blade lift and
drag, etc. Uncertainty quantification of LES model is quite challenging

FIG. 32. Close-up views of the mean flow field near the fourth VAWT for cases HN10D (a)–(c) and HP10D (d)–(f). Panels (a) and (d) show Dhw i and (b) and (e) show hu0u0 i
on the (x,z)-plane across the centerline of the VAWT column. Panels (c) and (f) show hu0u0 i on the (y,z)-plane at ðx � x1Þ=D ¼ 39:65 [indicated by the dashed line in (a) and
(d)]. In each panel, the VAWT rotor location is indicated by the rectangle.
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and computationally expensive.76 It goes beyond the scope of the cur-
rent work but deserves further investigation in future studies.
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APPENDIX A: ACTUATOR LINE METHOD
FORMODELING VAWT FORCES

In this section, the implementation of ALM in the LES model
is explained briefly. The important parameters for modeling the
VAWT forces are denoted as following: R is the radius of
the VAWT rotor (i.e., the radial distance from the central axis to
the chord of each blade); D ¼ 2R is the diameter of the VAWT
rotor; c is the chord length of the blade cross section; tb is the cross-

sectional thickness of the blade; H is the vertical height of each
blade; and X is the angular speed of the VAWT rotation. In this
study, the VAWTs are set to rotate counterclockwise.

If each VAWT blade is discretized evenly into Ne elements, the
vertical height of each blade element is DH ¼ H=Ne. For the nth
blade element, the corresponding aerodynamic forces acting on it in
the x- and y-directions as modeled as9,24,39,44,45,48

Fn;1 ¼ � 1
2
qV2

rel cDH½C�
L cosðhþ aÞ þ C�

D sinðhþ aÞ�; (A1)

Fn;2 ¼ 1
2
qV2

rel cDH½�C�
L sinðhþ aÞ þ C�

D cosðhþ aÞ�: (A2)

Here, h is the azimuth angle of the blade rotation, Vrel ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeu � R X sin hÞ2 þ ðev þ R X cos hÞ2

q
is the magnitude of the rela-

tive horizontal velocity of the local air inflow with respect to the
blade element, and C�

L and C�
D are the lift and drag coefficients with

dynamic stall correction.78 The angle of attack of the blade element
relative to the local inflow, a, can be determined based on the rela-
tive direction of the local wind inflow with respect to the local (s, n)
coordinate system along the chord and radial directions of the tur-
bine blade element as illustrated in Fig. 33. In the (s, n) coordinates,
the local wind velocity vector is written as

Vlocal ¼ eVh sinðh� bÞês � eVh cosðh� bÞên; (A3)

where es is the unit vector along the blade element’s chord direction,

en is the unit vector along the blade element’s radial direction, eVh ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffieu2 þ ev2p
is the magnitude of the inflow horizontal velocity, and

b ¼ arctanðev=euÞ is the angle between the streamwise and spanwise
inflow velocities. The relative horizontal velocity of the local air
inflow with respect to the blade element in the (s, n) coordinates
can be written as

Vrel ¼ Vlocal � R X ês

¼ eVh sinðh� bÞ � R X
� �

ês � eVh cosðh� bÞên: (A4)

FIG. 33. Schematics of the (x, y)-plane view of the VAWT blades path and the
physical quantities involved in the modeling of the aerodynamic forces.
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The corresponding angle of attack a is computed as

a ¼ arctan
�cosðh� bÞ

�sinðh� bÞ þ R X=eVh

 !
: (A5)

In the present LES study, the modified Boeing–Vertol model79

is adopted to model the effect of dynamic stall caused by the rapid
changes in angle of attack during rotation.78 With the dynamic stall
correction, the effective angles of attack for lift and drag are mod-
eled as79

a�L ¼ a� cLf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi



 c _a
2Vrel






s

_a
j _aj ; (A6)

a�D ¼ a� cDf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi



 c _a
2Vrel






s

_a
j _aj ; (A7)

respectively, where _a ¼ da=dt is the instantaneous rate of change of
a, and the dimensionless model coefficients are given by

cL ¼ 1:4� 6 0:06� tb
c

� �
; (A8)

cD ¼ 1� 2:5 0:06� tb
c

� �
; (A9)

f ¼ 0:75þ 0:25
_a
j _aj : (A10)

The modified lift and drag coefficients after the dynamic stall cor-
rection are modeled as79

C�
L ¼ a

a�L � a0

� �
CL a�L
 �

; (A11)

C�
D ¼ CD a�D

 �
; (A12)

where a0 is the angle of zero lift (which is equal to 0� for symmetric
airfoils), and CL and CD are the static lift and drag coefficients for
the corresponding airfoil shape of the VAWT blade cross section,
respectively. In the present LES study, the values for CL and CD are
obtained from the empirical data reported in Sheldahl and
Klimas.64

In the LES model, a 3D Gaussian kernel method is used to
smoothly distribute the forces computed by Eqs. (A1) and (A2)
onto the computational grids around the blade element. The distrib-
uted body forces fe;iði ¼ 1; 2Þ for Eq. (2) are computed as38

fe;iðx; y; zÞ ¼
XNe

n¼1

Fn;iGnðx; y; zÞ; (A13)

where Gnðx; y; zÞ ¼ e�3p�3=2 expð�r2n=e
2Þ is the Gaussian kernel

function, e is the kernel width, and rn ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx � xnÞ2 þ ðy � ynÞ2 þ ðz � znÞ2

q
is the distance between a space

point (x, y, z) and the center point of the nth blade element
ðxn; yn; znÞ. The specific value for e is given in Sec. III.

APPENDIX B: TEST OF SIMULATION DOMAIN HEIGHT

As reported by Sarlak et al.43 based on LES tests, the domain
height needs be adequate to ensure that the turbine blockage ratio
does not exceed 5%. In Sarlak et al.,43 the LES tests were done based
on a HAWT in a wind tunnel, and the blockage ratio was defined as
the ratio of the rotor swept area to the tunnel cross-sectional area.
For the VAWTs array cases considered in this study, the blockage
ratio may be defined as the VAWT rotor cross-sectional area to the
domain cross-sectional area per VAWT (since there are multiple
VAWTs per row of the array). In another LES study of infinite
VAWT arrays, Hezaveh et al.17 used a simulation domain height
that was 26.7 times of the VAWT rotor diameter D and 5.2 times of
the VAWT rotor height H. For the array layouts considered in their
study, the corresponding blockage ratio was reported to be below
3.75%. Two additional cases with increased domain height were
tested in their study, and the reported array-averaged power coeffi-
cients showed an insignificant variation of about 2% (based on the
values reported in Table II of Hezaveh et al.17).

The simulation domain height used in the present study is
20m, which corresponds to 11:11D and 6:25H. As listed in Table
IV, the LES cases presented in this paper have the blockage ratios
range from 1.6% for ðSx; SyÞ ¼ ð10; 10Þ to 3.2% for ðSx; SyÞ ¼ ð5; 5Þ,
which do not exceed the 5% threshold reported in Sarlak et al.43

and is slightly lower than the upper bound reported in Hezaveh
et al.17 Similar to Hezaveh et al.,17 two additional test cases S10D-32
and S5D-32 were performed (see Table IV), in which the domain
heights were increased from 20 to 32m and the corresponding
blockage ratios were reduced to 1% and 2%, respectively. The LES
tests show that the variation of the array-averaged power coefficient
is 2.28% between cases S10D and S10D-32, and 0.56% between
cases S5D and S5D-32. Therefore, the 20m domain height is con-
sidered adequate and used in the rest of the simulation cases
reported in the present study.
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